Theoretical Methods for Optimizing Structured Array Computdtions

Motivation, Model, and Problem Statement

Structured operations on tensors are common and

increqsingly irnportctnt ]ouﬂding blocks for modern workload:s.

Example: CNNs, image processing, etc. How to schedule such

workloads efficienﬂy? General model: d-nested loop
operqting on n multidimensional arrays X1 indexed ]oy

functions ¢; of the loop indices x, each bounded by L.
for x; € [1..Ly],....for xg € [1..Ly] :
perform operations on Aq [ (X1,..., Xg)] s ooy A [P (X1, 0000 X4) ]

Structured in a DAG-like computation,
with nodes representing one such
computation and edges representing
dependencies between them (eqg.
successive NIN lotyers).

Communication costs tend to dominate, and trend is
increasing, esp. w.r.t. enerqgy.
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Image from Interstellar [Yang et al. ASPLOS 20]

gomma: flop latency

How do we reorder and schedule a workload like the one
above to run efficienﬂy w.r.t. communication, lai‘ency,

fhroughpuf?

Two dpproctches in this poster: ’rihng and scheduhng a
single loiyer at a time (and finding lower bounds) -
useful for optimizing execution on a chip, and
simul’[cineously scheduling and Jtiling entire DAG at once
- useful for optimizing on/off chip data movement.

Goal: methods backed by proofs of lower bound, more
reliable and faster to run than ML/autotuning or
heuristics.

Single Task Communication Lower Bounds (and Optimal

Tilings)

For CNINs: Theorem [Demmel-D MDS 20]: Any rearrangement of a
standard batched 2D convolution with filter size R*S and strides OOy,
using a cache of size M must communicate at least this many words
between cache and main memory:

#words moved > Q(max(
size of input, output,
(#arithmetic ops)/M, .(for large filters)
(#arithmetic ops)/(MY? (RS/(0yoy,))"?)) ..(for small filters)

In comparison, any matmul based ctpprootch must communicate at least
(#arithmetic ops)/I\/[V2 words, even assuming free rephcqﬁoni
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Lower bound achievable using an efficienﬂy constructible Jtﬂing ]oy
solving an appropriate LP (or piugging in pro]olern size into piecewise

LP). Work ongoing on benchmarking, finding constant factors.

For J[hings like matmul, tensor contraction, etc,, this result generodizes
prior problem specific work: Theorem [D-Demmel SPAA 20]: [ Suppose
the maps are projections (ie. each ¢; maps x,,...,x, to a subset of itself).
Then the lurges’c possil)le tile is a rec’cangle of dimensions M1 X -+ X
M?d, where A.q are given by the following linear program:

maxzf\gs.t,
Ao =01 Vi€ [n]
is.t. x;esupp(g)
N o< p viclg  where i =logy Ly
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Accelerator-Specific Optimizations

What about mapping these pro]olerns onto accelerators with

rnulﬁple cores? How to decide where to potrotﬂehze?
[HKDNKWS 20, under submission] Split up loops into
components ]oy fotctoring (rnotybe with potdding), then use

similar (I)LP based approach in order to decide how to reorder

1oops and assign parotﬂelisrn to certain 1oops, optimizing for

1dtency/ communication/ computation.
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With DAGs of problems with dependencies (e.g. neural nets)

there's often otdvotntotge to doing several lotyers in a tile to

reduce inierlciyer communication. Currenﬂy: can oprirnctﬂy

(subject to restrictions on tiling imposed by HW restrictions)

tile and partition a chain gro.ph.

Theorem: In order to tile a pctrriculotr chain graph from top to
bottom, Can, at no (qsympto’ric) penalty, restrict ourselves to
tiles generoﬁred ]oy single reciotngular tile at some level of chain

and its dependencies (up to a point).

Finding tiling is nonlinear but in practice eqsily (nurnericqﬂy)
solvable optimization problern, similar to above.

Can find a globotﬂy opﬁrnod partitioning/ Jtihng by Jtihng all
possible su]ogrcrphs (“lhr at cornpilqtion time righ’t now, can be
irnproved) and performing DP to find opﬁmql partitioning.
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